Abstract This work focuses on controlling the error and adapting the discretization in the context of parabolic problems. In order to obtain a sound mathematical framework, the time domain is discretized using a Discontinuous Galerkin (DG) approach. This allows to formulate the time stepping procedure in a variational format. The error is measured in the basis of an output of interest of the solution, defined by a linear functional. A dual problem, associated with this linear output is introduced. The dual problem has to be solved backward in time. An error representation is introduced, based on the weak residual of the primal error applied to the dual solution. Two different alternatives are studied to estimate the error in the dual solution: (1) recovery based error estimators and (2) implicit residual type estimators. Once the error assessment is performed implicitly in the dual problem, the obtained estimate is plugged into the primal residual to obtain the error in the quantity of interest. The implementation of the estimator is drastically simplified by using the weak version of the residual instead of the strong version used in previous
works. Thus, the output error is assessed using a mixed technique, explicit for the primal problem and implicit for the dual. In the framework of adaptive computations of transient problems, this approach is very attractive because it allows using first the implicit scheme for the dual problem and then integrating the primal problem, estimating the error explicitly and eventually adapting the space-time grid. Thus, at every time step of the time marching scheme, the estimate of the dual error is injected into the primal residual (explicit estimate for the primal problem).
Introduction
The modelling of transient diffusive phenomena leads to second order parabolic PDEs. This is the case of the transient heat equation, which is extensively used to simulate the thermal behavior of mechanical devices and structures. For instance, in the context of structural analysis of bridges, the loads induced by thermal effects have a significant influence in the final design. From a practical viewpoint, the thermal load is characterized by the temperature gradient in a characteristic cross section of the bridge. The temperature gradient is a simple postprocess of the temperature distribution in the cross section at a given instant T, say u(x, T). Thus, the quantity of interest is described by a linear functional J u .
The assessment of the error in a given quantity of interest is performed introducing a dual problem in which the linear functional J · appears in the right-hand side of the governing equation and thus plays the role of an external load. In the context of elliptic problems, the combination of standard energy error estimates for both the primal and the dual problems allows to assess the error in the output of interest [1, 2] . In the parabolic setup, the work of Machiels [3] follows the same idea neglecting the error introduced by the time discretization. Also for parabolic problems, Rannacher et al. [4] explicitly express the output error in terms of residuals associated with the strong form of the primal problem and the (unknown) dual solution, following the pioneering work of Eriksson et al. [5, 6] .
Here, the error in the quantity of interest is represented explicitly in terms of the dual solution using the weak residual. Using the weak residual instead of the strong one simplifies the implementation because there is no need of computing flux jumps across the element edges. Thus, once the error in the dual solution is estimated, it can be directly injected into the primal residual to easily obtain a sharp approximation of the error in the quantity of interest.
The assessment of the error in the dual problem is performed using two different approaches: recovery type estimates and implicit residual type estimates. The recovery estimates are extremely simple to implement and prove to be very accurate in the application examples. The implicit residual type approach requires solving local problems in the space-time elements, involving a larger programming complexity. The latter approach is however interesting if the dual solution is non-smooth. This lack of smoothness may be caused by a number of factors. For instance, the presence of discontinuities in the data (different materials) or sharp variations in the source terms produce non-smooth (only C 0 , not C 1 ) solutions. The residual type estimates allow capturing this kind of non-smooth error functions, while the recovery type estimates obviously fail in these situations. The performance of the two approaches is compared in the numerical examples.
The remainder of the paper is structured as follows. The model problem, the space and time discretization and the quantities of interest under consideration are presented in Sect. 2. Section 3 introduces the error equations and the representation of the error in the quantities of interest in terms of the primal and the dual errors. The adopted error estimation strategies for the dual problem are described in Sect. 4. Finally, the numerical tests demonstrating the performance of the proposed methodology are shown in Sect. 5. : find u(x, t) , with x ∈ ∈ R d and t
where f is the source term, the coefficient α accounts for the thermal conductivity (the capacity and density terms affecting theu term are set to 1) andu stands for ∂u ∂t . The homogeneous Dirichlet boundary condition (1c) is adopted in the presentation for the sake of simplicity. Accounting for different boundary condition types as Dirichlet non-homogeneous, Neumann or Robin does not introduce any additional conceptual difficulty. The numerical examples presented in Sect. 5 use actually different types of boundary conditions.
Space discretization
Problem (1) is discretized using standard Finite Elements (FE) in space. The discretization is associated with a mesh of characteristic size H inducing the functional space V H ⊂ H 1 0 ( ). The dependence on time is left to the coefficients (nodal unknowns) of u H in the FE basis:
n poin being the number of nodes in the FE mesh discretizing , u :
Thus, a semi-discrete form is obtained:
where
and (·, ·) stands for the usual L 2 product in . Equation (3) results in a system of ODEs for the time dependent coefficients (nodal unknowns) of u H . Equation (3) is rewritten in matrix form
where M is a mass (or capacity) matrix, which is the discrete form of (·, ·) in the basis of V H , K is a stiffness (or conductivity) matrix discretizing a(·, ·) and f is a force vector, which is the discrete counterpart for l(·). The most common approach for solving (3) or (4) is to introduce a time discretization {t 0 , t 1 , . . . , t N } and to use any time marching scheme yielding approximations
